INTEGRAL CURRENTS MOD 2(})

BY
WILLIAM P. ZIEMER

1. Introduction. In the paper Normal and integral currents, a great amount
of progress has been made in the study of k-dimensional domains of integration
in Euclidean n-space. This progress was made through the use of de Rham’s
(odd) currents which, in turn, led to the selection of integral currents for further
study. Integral currents were shown to possess many desirable characteristics,
most notable being those of ‘‘smoothness’’ and ‘‘compactness.’’

However, the fact that a current is a linear functional on the space of dif-
ferential forms means that one is necessarily restricted to oriented domains of
integration. Therefore, in order to consider nonoriented domains of integration
and still make use of the theory of integral currents, one is led to study the quo-

tient group
I(R")/ 2I(R")
where I,(R") denotes the k-dimensional integral currents of n-space.

The boundary operator defined on the space of currents induces a boundary
operator on the quotient group; the mass M of a coset is defined as the infimum
of the mass of all currents in the coset. Convergence is defined in terms of a
metric which is induced by a function W, whose definition is similar to Whitney’s
flat norm:

W(7) = inf {M(z — do) + M(0)}.
However, due to this notion of convergence, it is convenient to consider the group
W(R")/ 2W(R")
where
W(R") ={T: T =R+ 0S, R and S rectifiable currents}.

Members of this group are called flat classes, and a flat class is called an integral
class if the coset 7 contains an integral current. The group I (R")/2I(R") is iso-
morphic to the group of k-dimensional integral classes. If one makes definitions
for boundary, mass, and W for flat classes analogous to the ones above, it is
found that when restricted to integral classes, they agree with the definitions
laid down for the group I(R") /2I,(R").

It is shown that rectifiable classes can be identified with Hausdorff rectifiable
sets and that the mass of a rectifiable class is the Hausdorff measure of the
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corresponding set. Many of the results in Normal and integral currents
generalize to integral classes, for example, the Eilenberg-type inequality, the
deformation theorem, and the isoperimetric inequality. These basic results, com-
bined with the geometrical character of Hausdorff rectifiable sets, establish a
lower-semi-continuity theorem which, in turn, leads to a closure result in the
extreme dimensions.

The author is deeply indebted to Professor Wendell H. Fleming for his constant
aid and encouragement. Acknowledgment is also due to Professor Herbert
Federer who gave generous amounts of consideration which aided in the pre-
paration of this paper.

2. Definitions and notation. The notation and terminology throughout will
follow that of [3].

2.1 DermNiTION. If U cR", let W(U)={T: T=R+ 43S, R and Sk, k+1
rectifiable currents, spt T < U} be the group of k-dimensional flat currents in
U. Observe, if T € W,(U) and M(T) < o, then T is a rectifiable current by virtue
of [3, (8.14)].

2.2 DEFINITION. Let

W(R"2) = W(R")/2W(R")

be the group of k-dimensional flat classes in R". Elements in W,(R"2) will be
denoted by p, o, 7, etc. If the flat class 7 has a polyhedral chain with integer co-
efficients as a representative, then t© will be called a polyhedral chain class;
integral Lipschitz chain classes, integral classes, and rectifiable classes are
similarly defined. The group of k-dimensional integral classes in R" will be de-
noted by I,(R"2).

2.3 DerinrTioN.  If 7 is a flat class, the boundary operator ¢ is defined by

ot = [0T]"

where T is a representative of 7, and where [0T]~ denotes the coset which con-
tains OT.
2.4 DernNITION. If 7 is a flat class, let

M(r) = inf {M(T): Ter}

denote the mass of T, where M(T) is the mass of the current T. We will say that
a flat class 7 is a normal class, if M(t) + M(0t) = N(1) < . By 2.1 we have:
a flat class of finite mass is a rectifiable class.

2.5 ReMARK. Making use of the fact that a flat current of finite mass is a
rectifiable current, we have that if 7 is a rectifiable class, then

M(7) =inf {M(T): T e, T a rectifiable current}.

Moreover, if 7 is an integral class, the fact that the rectifiable currents are in the
mass closure of the integral currents implies that
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M(7r) =inf{M(T): Ter, T an integral current}.

2.6 ReMARK. If a class 7 is rectifiable as well as its boundary, then there
exists rectifiable currents T and R such that T et and Re dr. But Re dt implies
the existence of a flat current S, such that

R = 0T + 2S.
Since S is a flat current, there exists rectifiable currents X and Y such that

S =X+ 0Y,
and therefore
oT + 24(Y) = &(T +2Y)

is a rectifiable current. This, in turn, imiplies that T+ 2Y is an integral current.
Hence, we have every rectifiable class whose boundary is rectifiable, is an
integral class.

By 2.4, it is now evident that everry normal class is integral.

2.7 DerFINITION. If AcR”" and r is a positive real number, let

S(4,r) = {x: distance (x,4) <r}.
2.8 DEerFINITION. If y is a measure over R", A < R", a(k) the volume of
the unit k-ball, and xeR", then
Dy(y,4,x) = lima(k) 'r (AN {y: |x—y| <r})

r-0
is the k-dimensional y density of A at x; the upper and lower densities
DI: ('}’,A,X) and D-k(?,A,X)

are defined as the corresponding lim sup and lim inf.

3. Hausdorff k-rectifiable sets and rectifiable classes.

3.1 DeriNITIONS. If Kk < n, A < R" then A is k-rectifiable if there exists a
Lipschitzian function whose domain is a bounded subset of R* and whose range
is A. A is countably k-rectifiable if A can be expressed as a countable union of
k-rectifiable sets and Hausdorff k-rectifiable if there is a countably k-rectifiable
set B such that H*(4 — B) =0, where H* denotes k-dimensional Hausdorff

"measure.

If A is a Hausdorff k-rectifiable set and H*(4) < o, then A has a unique H*

approximate tangent plane at H* almost all of its points and

D,(H* A,x) =1 for H* almost all xe A.

3.2 RECTIFIABLE CURRENTS. It is easy to verify that a k-dimensional
current T is rectifiable if and only if it has the following representation: if ¢ is a
C* k-form, then
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T(¢) = f Mx)$(x)- o(x) dB(x)

where (i) E is a bounded, H* measurable, countably k-rectifiable set with
HYE) < o,

(ii) - denotes the scalar product; see [8, (p. 37)],

(iii) «(x) is an H* approximate tangent k-vector to E at x, |a(x)| =1, and with
o being H* measurable,

(iv) M is integer valued and H* integrable,

v) M(T) = fEIM(x)IdH"(x).
In this regard, see [3, (8.16)] and [7, (7.1)].
With each rectifiable current T, one can associate the rectifiable current

TH9) = fEM*(ao $(x)- 20 dHH(x)

where M*(x) = M(x) mod 2 and where 0 £ M*(x) < 1. Obviously, Tand T* be-
long to the same coset of W, (R",2). If T; is another rectifiable current with re-
presentation

Ty($) = fEMl(x)qb(x)'al(x)dH"(x),
then, with 3.1, we have
T+200) = [, MG £ 2M,691609 ) ' CY)
where
_ [«x), x€E,
Bx) = {a,(x), xeE, —E.

Notice in general that
T* # (T +2Ty)*,

but in view of [3, (8.16)], we do have
IT*| = T +27%|-
3.3 DerINITION. If 7 is a rectifiable class, T €t is a rectifiable current, then
Il = I

is the total variation measure of 1. From above, we can see that ||z] is well-

defined.
3.4 THE CARRIER OF A RECTIFIABLE CLAsS. If T is a rectifiable current, then

@) = [ #atab'co
where D ={x:M*(x)=1}. Therefore, if BcR" is a Borel set, then

€) | T*|(B)=H*D N B).

If we let
D, = {x:DI:("T*"a R"s x) = l}’
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with the aid of 3.1 and (1), it is clear that
HYD — Dy) = 0.
From [4, §3], we also have H"(D, — D) = 0, and therefore

@) = [ 400 a0
Since D, = spt T*, it now follows that
Closure D, = spt T*.

3.5 DerINiTION. If T is a rectifiable class, and
Do ={x:D;(|z|,R"%x) =1},

then we say that D, is the carrier of 7, and that closure D, is the support of t.
They will be written as car T and spt 7, respectively.

3.6 ReMArk. If 7 is a rectifiable class, we can associate with it, in a unique
manner, a Hausdorff k-rectifiable set: the carrier of 7. It is clear that

M(z) = M(T*) = H¥(car 7) and spt 7 = spt T*,
where T is a rectifiable representative of 7.

If E is a bounded Hausdorff k-rectifiable set with finite k-measure, we can
associate with it a rectifiable current T':

T($) = L«b(x) - a(x)dH*(x)

where a(x) is an H* approximate tangent k-vector to E at x with |a(x)|=1.
This definition of T depends upon the two possible choices for the H* approxi-
mate tangent k-vector; that is, the choice of either a(x) or—a(x). However, the
rectifiable class which is defined by T is uniquely determined. In the sequel, no
distinction will be made between a Hausdorff k-rectifiable set and the rectifiable

class it defines.

3.7 THEOREM. If t is an integral class, ¢ >0, and U an open set containing
sptt, then there exists an integral current T €1 such that

(i sptTc<U,

(i) M(T)< M) +e.

Proof. Since spt t is compact, there exists # > 0 so that
' S(sptt,n) < U.
Let R be an integral representative of T with
M(R) < M(7) +e.
By [3,(3.10) and (8.14)], there exists 7, < 1 such that
R N S(sptt,no) is an integral current.
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Letting V = S(spt,7,) we have

R=RNV +RN(R"-YV),
and therefore
R N(R" - V) is an integral current.

But from 3.4, we see that R N (R" — V) can be expressed in the form
RN(R"-V)=2S,
where S is integral. Hence, letting
T=RNYV,
the conclusion of the theorem follows.
3.8 CoROLLARY. If t is an integral class, then
sptt =) {spt T: T integral, Tert}.
3.9 DerNiTION. If 7 is a rectifiable class and A is a Borel subset of R", let
tNA=[TNA]"

where T is a rectifiable representative of 7. This is well-defined in view of the
following fact: if 2R is a rectifiable current and if R is a flat current, then R is
rectifiable. If t is a k-dimensional rectifiable class, then

| 7| (4) = M(x N A) = H¥(car N A).
3.10 DeriNiTION. If U = R", let
I(U,2) =I(R"2) N {z: sptt < U}

and
I1,(U,2) the corresponding chain complex.

Let W,(R"2) be the chain complex associated with Wy(R",2), k =0,1,...n.
3.11 INDUCED MAPS. An infinitely differentiable map

f :R"—>R"
induces a homomorphism
Jo: Wu(R™,2) > W (R",2)
such that dof , =f,00. If T € W(R™,2), then
f.(@®) =[f(T)]", where Ter.
If 7 is k-dimensional rectifiable class, then

spt f ,(spt7) = f(sptt) and
MLf, 1< (D).
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This can be seen by selecting a rectifiable current T et such that

M(T) = M(q),

spt T =spt 7.

3.12 LocALLy LipscHITIZIAN MAPS. See [3,(3.5)]. If U and V are open
subsets of R™ and R", then each locally Lipschitizian map

f:U->V
induces a chain map
fa:1,(U,2)-> 1(V2)
defined for 7 €I(U,2) by
fe) =[f,(D]~

where T €7 is an integral current with spt T < U. With the aid of 3.7, it is easy to
verify

spt f .(t) = f(spt 7).
If f has Lipschitz constant 4 on a neighborhood of spt 7, then
M[f ()] < A*M(2).
3.13 DerINiTION. If I denotes the unit interval and 7 is an integral class, then
Ixt=[IxT]"

where T is an integral representative of 1.

If f and g are locally Lipschitzian maps of U into R", h is the linear homotopy
from f to g, t€I(U,2), 1 is the Lipschitz constant of f and g on a neighborhood
N of spt 7, and | f(x) — g(x)| <& for x€EN, then

M[h,(Ix7)] S eAM(),
and
Oh,(Ix1) + h,(Ix01t) = g,(7r) — f,(2).

This follows from 3.7 and [3, (3.6)].

3.14 Cones. The cone zt €I, ,(R"2) with vertex z € R" and base 7 € I}(R",2)
is defined by

2t = h(Ix1)

where h: R x R"—> R", h(t,x) = (1 — t)z + tx is the linear homotopy from the
constant map R" — {z} to the identity map of R". We have

Jzt + zor =t if k=1,
and from [3, (9.2)] and 3.7,
M(z7) £ rM(7) [k + 1
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where r =sup{|x — z| :xesptc}.
4. The theorems in this section are generalizations of some of the basic re-
sults in Normal and integral currents. See [3, (3.9), (3.10), (5.5), (6.1)].

4.1 TueorReM. Suppose teI(R"2), u is a real-valued function on R" with
Lipschitz constant &, A, = {x:u(x)>r} for reR, and — 0o <a<bs + w;
then:

() [lanMOGcNnA)-@)NA]ds < &t ({x:a < u(x) S b}) where
““[*** denotes upper integral,

(ii) t N A, is integral for L, almost all s,

(i) spt[a(r N 4,) — (91) N A,] = (sptt) N {x : u(x) = s} for Ly almost all s.

Proof. Let Tet be an integral representative and observe that T N 4, is
integral for L, almost all s; (see [3, (3.10), (8.14)]). This establishes (ii).
From 3.7, we can find a sequence of integral currents T; such that T;et and

n {sptT;:i=12,...,} =sptt.
Since
AT, N A) — (0T) N A,ed(x N 4,) — (37) N 4,

for all s and i =1,2,..., it follows that
spt[d(t N A4,) — (0t) N A,] = spt[d(T; N 4,) — (0T)) N A,].
But [3, (3.9), (3.10)] implies, for each i,
spt[8(T; N 4,) — OT) N A < spt T, M {x 1 u(x) = s}

for L almost all s. Now (iii) follows.
If Tet is an integral current and se R, then

M[d(x N A) — (97) N A,] < M[A(T NA) - (8T) N A,]

and therefore

MGz N A) — (07) N A] < j M[(T A — (3T) A AJds.
[a,b] a

Letting I denote the integral on the left, T, € © an integral current,
A ={x:a < u(x) < b}, one sees from [3, (3.10)] that

I £ inf {EM(T NA):Ter, T integral}

inf {EM(T, + 2R) N A:R e [(R")}

inf {EM[T, N A+ (2R) NA]: R eI (R")}

inf {EM(T, N A +2R):R a rectifiable current}
EM(t N A)

&||z|(4), by 2.5 and 3.9.

A UIA 1A 1A

IIA
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The proof of the theorem is complete.
REMARK. Once we have read Theorem 5.14, it becomes clear that

M[o(r N A4,) — (01) N A4,]

is a lower semi-continuous function and therefore L, integrable.
4.2 THE DEFORMATION THEOREM. The notation used in the proof of the
following theorem will be found in [3, (5.5)].

THEOREM. If 1€ I(R",2) and ¢ > 0, then there exist
nel(R"2), pel(R"2), oel,,(R"2)
with the following properties:
(1) T=n+p+do.

M M Mo
@ O sn[(1) MO, () M

M - M(o

8k(-1n)§ 7nk ' (k i 1) ak-(-lt) s

A48_£p)§19nk( n )M(ar)

b

k—1) g-1°
M (o) n\ M(7)
8k+1 é 13nk+l ( k) 8" :

(3) spt m Uspto < {x :distance(x,sptt) < 3ne},

spt on U spt p = {x : distance(x, spt 0t) < 3ne}.
(4) = is a polyhedral chain of pu,(C’) (with integer coefficients).
(5) In case t is an integral Lipschitz chain, so are =, p, and .
(6) In case 0t is an integral Lipschitz chain, so is p.

Proof. We may assume that ¢ = 1. Given n > 0, with the aid of 3.7 we can
select integral currents Tand X, such that Te  and

M(T) < M(z) + n,

M@T + 2X,) < M(d7) + 1,
spt T < S(sptz,n),

spt(0T + 2X,) = S(sptdr,n).

In case 7 is an integral Lipschitz chain, there will exist an integral current X,
suchthat T+ 2X,, is an integral Lipschitz chain. In case 0t is an integral Lipschitz
chain, there will exist an integral current X, with a similar property. Of course,
if T is an integral Lipschitz chain, one may take X, = 0X,. Let us agree to say
that X, = 0 if and only if 7 is not an integral Lipschitz chain, and similarly for
X,. By [3, (5.2), (5.3), (5.4)], there exists a€ A so that T, T, X,, X, X,, 6, °1,
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and o, are p admissible and 0T, X, X,, 6, °7,, and 6,_; ° 7, are v admissible;
also a can be chosen so that

I7) [ o201 5 6 () D
loT| [(us-r o)™ 1< 6 (k 1) M(@T),
(

n
[T + 2%, |[Ga-r w15 6 (" 1) M(@T +2X)),

S

Jo2xs| [Gne-z e td™ 1 <6 (, _ 2) M(32X ),

S

(
"Xi" [(h-i o) ¥ <6 (k — ) M(X)),

HaX," (== oz 6 (k-';—l ) M(0X;), i=0or 1,

t, [spt(T +2Xo)] = R" — G-y,

7, [spt(éT +2X,)] = R" - C,_,.
We may now use [3, (4.2)] to define
Py = (04 ° ) (T + 2X)),
P, = H/f0,°7, 64,1 °7,) (OT +2X; +2X,),
0, = HJo ° 1, 6,)(0T +2X; +2X5),
S H(0k °7, 0,) (T +2X,),
P =P +P, Q=20 P,

and find that T and P 4+ Q + 0S are in the same coset. Therefore, by taking
=P ,p=0",and 6 =5, (1), (4), (5), and (6) are established. Moreover,

MED < |T] 6 s 6 () (M) +1

M(P3) £ ||0T + 2X,| (mo™**') < 6n* (k " 1) [M(@) + 1],
M(QY) £ ||oT + 2X,| @nu ** ') < 120* ( P f 1) [M(@7) + 1],
M) 5 [Tlem Y s nt () MO+,

M(0P) £ 0T + 2X,| (@ *** ) s 6n*71 (k ﬁ 1) [M(7) + 1],
which establishes (2) because of the arbitrariness of #. (3) follows from similar

reasoning.

43 LemMA. If tel(R*2), >0, and T et is an integral current with the
property that M(T)<M(z) + ¢, then
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IT1® s [el®) + 3
where B is any Borel set in R".

Proof. If ¢ EX(R™), then by 3.2,
T@)= | M) o()a* ()

where F is a countably k-rectifiable set. It may be assumed that M = 0. Letting
E ={x:M(x) is odd}, E, = ENn{x: M(x) = 3}, E; = E N {x :M(x) =1}, we have

Eo,NE, =0,

E, UE, =E,
and from 3.4 and 3.6,

HYE) = M(2).

Since M(T) < M(z) + &, it follows that

f M(x)dH (x) + f M(x)dH"(x) < HXE) + ¢
F-E E
and in particular,

J M(x)dH (x) = f M(x)dH*(x) + f M(x)dH (x) = f M(x)dH*(x)+ H*(E,)
E Eqo E, Eo

< HYE,) + HYE) + =
Therefore, we have

~

J M(x)dH"(x) < ¢, f M(x)dH"(x) < HE,) + ¢

with the second inequality implying that H*(E,) < ¢ and therefore

M(x)dH*(x) < 2e.
Eo

If B is a Borel set in R", then [3, (8.16)], 3.4, and 3.6 imply

ITI® = [ M@are+ [ M)+ BE D)
(F-E)NB EoNB

HYE, NB)+¢e+ 2
HYE N B) + 3¢ = ||t|| (B) + 3e.

44 LeMMA. If U is an open set in R™, 1€ I,(U,2), f and g Lipschitzian maps
of U into R" with Lipschitz constant A, then,

MLf, (@) = 9, @] = 22| ({x :f(x) # 9(O}D).

Proof. If ¢> 0, 3.7 implies the existence of an integral current Tet such
that spt T = U and M(T) < M(z) + &. Then [3, (3.6)] and 4.3 imply that

=
=
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M[f,(2)—g.(®] £ M[f(T) — 9,(T)]

225 T|| ({x :f(x) # g(x)})

< 20| o ({x (%) # g(x)}) + 3¢].

Since ¢ is arbitrary, the conclusion follows.

IIA

4.5 LemMA. If U is an open subset of R™, 1€ I,(U,2), f and g Lipschitzian
maps from U into R" with Lipschitz constant A and such that |f(x) — g(x)| < «
for xeU, A> B, f|[BNsptt=g|BNsptr, spttc 4, and if h is the linear
homotopy from f to g, then

M[h,(Ix7)] £ ad¥z] (4 - B).

Proof. Given ¢ > 0, let T €7 be an integral current such that M(T) < M(z) + ¢
and spt T < U. Then from [3, (3.6)] and 4.3, we have

M[h, (Ix 9] < MIh,UxT)]

< «2¥| T [R" - (sptT N B)]
< al¥(|z| [R" — (sptz N B)] + 3¢)
< od*|t|(4 — B) + e3ad*.

But ¢ is arbitrary, and therefore the conclusion follows.
4.6. With the help of the preceding lemmas and Theorem 4.2, the proof of
the following theorem is very similar to that of [3, (6.1)]. For details, see [9].

THEOREM. Suppose A> B, U and V are neighborhoods of A and B in R",
f:U—> A4 and g: V- B are retractions, T is a compact subset of A, a >0,
b >0, f has Lipschitz constant £ on {x: distance (x, ') < a}, g has Lipschitz
constant n on {x: distance (x,B) < b}. If ye I(T',2), spt 0y = B and C|x|(4—B)
< [inf {b,(n + 2) "'a}]", then there exists Yyel,,(A,2) such that

MW < Cyém + 2)"|x| (4 - B),

M(@y) = C3(n + 2)*|x|/(4 — B).
Here,

C, = 27kgk+1p2 (" -;; 1)’

1/k+1
C, = [(13n"+l (,’:) + 4n)"8n"(" ‘l: 1)2"‘] ,

- k( B
C; =3+4+19n (k—-l)'
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4.7 CoROLLARY. If xelI(I',2) with

oy = 0 and C,M(y) £ d*,
then there exist Yel,,(A,2) such that
oY = x and M(Y)*+! < 2°C, E*M(y).
In case A is convex, one can take a arbitrarily large and & = 1.
4.8 COROLLARY. If zeI,(R",2), then
M(z)" " < C,M(7).
Here C,=2""'C, and C, is as in 4.6 with k=n—1.

Proof. Let y = 0r, A = R" to obtain Y € I,(R"2) with oy = dt and M(y)" ~!/*
< C,M(07). Furthermore y —teI,(R"2) and d(y — 1) =0, hence y —7=0.

The following theorem is a generalization of a result due to Federer, see [6],
and since the proof is very similar to [6], it will not be included here. The reader
is referred to [9] for details.

49 THEOREM. If A and B are compact Lipschitz neighborhood retracts
in R" with A o B, and k is a positive integer then there exists a positive number
r with the following two properties:

(1) For each yedl,. (4,2) + I,(B,2) there exists a Yyel,,,(4,2) such that
spt(y — oY) = B and

M@+ < r 4] (4 - B).

(2) For each 1€, (A,2) there exists a o€ I, {(A,2) such that sptdc = B and
M(t — o)***! < r||o|(4 — B).

5. Flat convergence. One of the difficulties encountered in the study of flat
classes is that of finding a suitable topology. For example, imposing the relative
topology on W,(R") and then the quotient topology on W,(R" 2) proves to be
unsatisfactory for our purposes because the group 2W,(R") is not closed.

We introduce here a real-valued, subadditive function on W,(R"2) which is
very similar to Whitney’s flat norm [8, Chapter V]. This induces a pseudomet-
ric on W,(R",2) with respect to which the boundary operator is continuous. It
is not known whether this pseudometric is actually a metric on W,(R",2) butit is
known to be true on the subgroup of rectifiable classes (5.9).

5.1 DerNITION. If T € W(R"), let

W(T) = inf {M(T — 8S) + M(S): Se Wy.,(R")}.

5.2 ELEMENTARY PROPERTIES OF W.
(1) If T eWy(R", then

W(T) = inf {M(R) + M(S): T =R +3S, ReWg(R"), SeW,,,(R")}.
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(2) If T e W(R", then
M(T) =z W(T) =z W(aT).

The first inequality follows by taking S =0 in 5.1. To prove the second, given
¢ > 0, choose S so that

M(T — 3S) + M(S) < W(T) + e.
Let R =T - 0S and obtain
M(OT — 8R) + M(R) = M(T — 8S) < W(T) + «.
(3) If Te W,(R"), then W(T) = M(T).
4) IfT, S W(R", then
W(T+ S) < W(T) + W(S).
(5) If Te W, (R"), then
W(T) = inf{W(T — 0S) + W(S): Se W, (R}
This follows from (2) and (4).
(6) If T is a k-dimensional rectifiable current, then
W(T) = inf{M(T — 3S) + M(S): Se I, (R"},
=inf{M(R) + M(S):T = R + 3S, R rectifiable, S integral},
because of (1) and (2) above, 2.1, and the fact that M(T) < co.
(7) If T is a k-dimensional integral current, then
W(T) = inf{M(R) + M(S): T = R + 3S, R integral, S integral}.
(8) If Te W(R"), p: R">P is an orthogonal projection of R" onto the m-plane

P, then

W[p.(T)] < W(T)
because

M[p,(T) - 2p.(5)] + M[p,(5)] = M(T— 8S) + M(S).

(9) W(T)=0if and only if T =0, for flat T.
(10) If T is a flat current, then W(T) = F(T) where F denotes the norm in [3].
REMARK. From (7) above and [3, (8.13), (7.1)], we have the following fact:
If A is a compact subset of R", T;el,(A) for i=1,2,---,sup {N(T):i=1,
2,3,---} < oo, then
lim T; = T if and only if lim W(T; - T) =0.
i»© i+
5.3 LEMMA. Suppose A is an additive group and F a real-valued, non-
negative, subadditive function on A such that F(a) = F(— a) for ae A. If
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lim F(a,—a,—b,m) =0

n,m-*w0

then there exists a sequence b,, where the b, are finite sums of the b, ,, such that
lim F[(an + bn) - (am + bm)] = 0.

n,m- o

Proof. Let n; <n, <n;... be a sequence of integers such that
F(a,— ap—b, ) <27 for n,m 2 n,

Define b, =0for 1 < n < n; and let
i—-1

bni-!-j = Zlbnp.np+, + Clll,lli+j
p=

where j = 1,2,3,... but with the restriction n; < n; + j < n;,, and where

bm.m+j’ n+j<nyq,

Coinitj =
b,

LTE PSR n+j=n,.

Now assume k > i, n, + | < m4y, and n; + j < n;y,. Then,

F [(@p,4j+ by +)) — (@ 41+ by, +)]

i-1 k-1
=F [( ni+j + Z bnp,np-H +bm,m+j) nk+l+ z bnp,llp-i-l + bnk,nkH)}
+ b

p (e
) (o Eoom)]

i—-1 k-1
+ F [(am + Z bnp:'lp+1) ( L1 + Z bny "n+x)]
p=1 =1
k-1 k-1
+ F I:(ank + 2 bnp,np+ ) ( nk+l Z 'lp,np+1 b"k:”k'”)]
p=1 p=

Q)+ @7+ 27 e 427 4 27H

nM_ Y

i-
=F [(ant+1 E bupmp st

IA

S Q@H+22H=3-2""
The cases when n, + | = m,, and n; + j = n;4, are treated similarly, and
therefore we have established that the sequence (a, + b,) is fundamental.

5.4 THEOREM. If T € W(R"), then there exist T;e I,(R") such that
lim W(T;—T) = 0.

Moreover, if A is a compact subset of R" and
lim W(T, — T)=0

i,j>o©
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where T, e I,(A), then there exists T € W,(A) such that
(@) lim,, T, =T,

(i) limmyg W(T,— T) = 0.

Proof. If T e W, (R"), then T = R + @S where R and S are rectifiable. Hence,
there exist integral currents R; and S; such that
IimM(R;—R) =0, lim M(S;—-S) =0;

i+ i o0

therefore, by 5.2 (2), (4)
lim W[(R;+8S)—T] = 0.

Since W(T;) = F(T;) (see 5.2, (10)) there exists a current T with support con-

tained in A4 such that
lim T, =T
It will now be proved that Te W,(A).

Case 1. Assume that T; is an integral cycle, for i=1,2,3.--. Since
lim; ;. ,W(T; — T;) = 0, by 5.2 (6) there exist integral currents R;; such that
M(T — T; — R, ;) + M(R; ;) = 0, and such that the supports of the R;; are
contained in a fixed compact set K. Choose z € R" to construct cones

«(T;— T; — R, ))
which have the property that
0z2(T,—T;—0R; ;) = T,— T; — 0R

i
and

lim M[z(T,— T; — 0R, ;)] = 0.

i, jo

Letting S; and S; ; be integral currents such that dS; = T;, support of S; contained
n some fixed compact set for i =1,2,...,

Si,; =2Ti—T;—0R; ) + R, },

we have that
S"j = Sl - S -

J

C‘,j

where C; ; is an integral cycle for i,j = 1,2,3,....
Since .
llm M(S - Sj - Ci,j) = 0,

i,j+o

by 5.3 there exist cycles C; such that
lim M[(S; + C) —(S; +C)] =0,

1,j=+o©
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and therefore, there exists a rectifiable current S such that
M@S;+C,—8)-»0 and lim (S;+C)=S.
Hence, W[d(S; + C;) —0S]—0 which implies W(T;—dS)—»0 and therefore
T = 0S.
Case II. The general case. As in Case I, we have the existence of integral
currents R; ; with supports contained in a fixed compact set K and such that

M(T;— T; - 0R; ;) + M(R; ;) = 0.
But 5.3 supplies us with integral cycles S; so that
lim M[(T, + S) — (T; + S))] =0,

i,jo o

spt S; < K.
Hence, there exists a rectifiable current R with

M(T;+ S;—R)—-0 and limT; + S; =R.

i»wo

Since W(S; — S;)— 0, Case 1 supplies us with a rectifiable current G so that
W(S; — 0G) - 0. This implies
lim W[T;— (R — dG)] =0,

i-w

lim T,= R — 4G,

(R ]
and therefore
T=R-0G.

5.5 DerFINITION. If t€ W (R",2), let
W(z) = inf{M(z — d6) + M(0): 6 € W+ (R"2)}.

5.6 REMARK. One can easily check to find properties (1) through (8) of
5.2 valid when applied to classes. We have in addition for flat classes 7,

W(t) = inf {W(T): Te t}.
However, it is not known whether t = 0 is equivalent to W(z) = 0 for flat classes
7. In view of the above property this is equivalent to determining whether the
group 2W,(A) is closed under W-convergence, where 4 is a compact subset of
R". We are able to show that if 7 is a rectifiable class and W(t) =0, then 1 =0,
(Theorem 5.9).

5.7 LeMMA. Suppose p is a real-valued function on R" with Lipschitz con-
stant &, A,={x:u(x)>r} for reR. If 1, are rectifiable classes such that
lim;_, W (z;)) = 0, then for Ly almost all r >0, there exists a subsequence {7, }
(which depends upon r) such that

lim Wz, N 4,]=0.

k-
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Proof. From 5.6 and 5.2 (6), we have the existence of rectifiable classes p;
and integral classes o; such that

) T, = p; + 0o; and M(p,)) + M(a;) = 0.
For each i, 4.1 implies that

f *M [0(c;NA,)—(00) NA,]dr < EM(o);
therefore, letting
2) f(r) = lim inf M[d(s; N A,) — (d6)) N A4,]
we have from Fatou’s lemma that

J *f(r)dr =0.

Hence, we now have from (2) that for L, almost all r > 0, there exists a sub-

sequence such that
lim M [d(a;, N A,) — (d5;,) N4,] = 0.

k=0

Since M(o;) — 0, we have that
lim W[(ds;,) N A,] = 0,

k=

and now the conclusion follows from (1).

5.8 LEMMA. Suppose t is a nonzero k-dimensional rectifiable class. Then,
at ||| almost all xe R", we have the following: if p: R"— P, is the orthogonal
projection of R" onto P,, the H* approximate tangent plane to cart at x and,
if K', is an open n-cube of side length 2r with center at x and with one of its
k-faces parallel to P,, then there exists ro(x) >0 such that p,(xt NK%) # 0 for
r < ry(x).

Proof. Since cart is a bounded, Hausdorff k-rectifiable set with finite H*
measure, [3, (8.16)] supplies us with a countable family F of k-dimensional
proper regular submanifolds of class 1 of R” such that, for H* almost all x e cart,
the H* approximate tangent k-vector to cart at x is tangent to some member
of F. Letting G; be the members of F, we may assume that each G; is bounded
and has finite H* measure. If we let a(x) denote a unit H* approximate tangent
k-vector to cart at x, then with the aid of [4, § 3], the following sets have |||
measure zero:

(1) Bo= car TN {x:a(x) does not exist or is not tangent to G, for some i},
B; = cart N{x: D, (1], R™= G;,x) # 0, for x€G,}, i=1.23,-,
C, =cart N {x: D;("G,",R" —car7,x) #0 for xecart}, i=123,
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where the above densities have been computed with respect to cubes as stated
in the lemma. Let B = cart— B, — | JiZ; B; — Ui“;IC, and choose xeB.
Now there exists a k-plane P, which is the H* approximate tangent plane to
cart at x and is tangent to some G,, say G. Given 0 < ¢ < 1, there exists ro(x) > 0
such that for r < ry(x),

@@ by (1), M(z "K', — G NK}) < ef(k)r* where f(k) is the volume of a k-
cube of side length 2

(ii) the map p|G N K’ is univalent and maps onto P, N K", and therefore

M[p«(x NK;) = p«(G NK})] < eBk)r,
which implies that P.(t NK") # 0 for r < ry(x).

5.9 TueoreM. If t is a k-dimensional rectifiable class and if W(z) =0,
then ©=0.

Proof. Since t is rectifiable, there exist integral classes o; such that
M(t — do;) + M(o;) = 0. Choose x e cart which satisfies the conditions of 5.8.
Then, for L, almost all >0, 5.7 supplies a subsequence (depending on r) such that

lim W[(ds;,) NK}] =0,

k=
and therefore
lim M [ps ((90,) NK3)] = 0

k-0
where p and K, are as in 5.8. But

lim M [ps (z N K}) — ps ((90;,) N KJ)] = 0

k=

which implies p«(t NK7}) =0 for L, almost all r>0, and now the conclusion of
the theorem follows from 5.8.

5.10 CoRrOLLARY. If T; are flat currents and T a rectifiable current with

lim WQT, — T) =0,

i-»o

then T/2 is a rectifiable current.
Proof. See 5.6.

5.11 THEOREM. If A is a compact subset of R", t; are rectifiable classes with
supports contained in A for i =1,2,3,..., and lim; ;_, , M(t; — 7;) =0 then there
exists a rectifiable class t© with support contained in A such that

lim M (t; — 1) =0.
i=»w

Proof. Since M(t; —1;)— 0, there exist rectifiable currents S; and Q; ; such
that S;et; and lim;;,  M(S; — S; — 20, ;) =0. Therefore, from 5.3, we can
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find rectifiable currents R; such that R;e; and lim, ;_, ,, M(R; — R;) = 0; more-
over, if we let T;=R;N A, we have the existence of a rectifiable current T so that
lim M(T,—T) =0.

i+

Since T; € 7;, the conclusion follows if we let 1 =T ".

5.12 LemMA. If A is a compact subset of R", ;€ I,(4,2) for i =1,23, -,
and lim; ;. W(t; — 1;) =0, then there exists T € W,(R"2) such that
lim W(r;—1) = 0.

i+
Moreover, if T € W(R",2), then there exist 7; € I(R",2) such that
lim W(r; — 1) = 0.
Proof. By reasoning similar to that in the proof of 5.11, we can find integral
currents R; such that R;et; and lim; ;,,,W(R; — R;) =0. Let S be a closed n-ball
which contains 4 and such that R; NS is integral for i =1,2,-... Note that

R; =R; NS + 28; where S, is integral. Hence, letting p be the radial retraction
of R" onto S, we have that

P.(R)=R;NS+2p,(S)

and therefore, if we let T; = p,(R,) we find that T;et, sptT; = S. Now we can
apply 5.4 to find a flat current T such that W(T, — T) — 0. The first part of the
lemma now follows by taking 1 =T".

The proof of the second part is similar to the proof of the analogous statement
5.4.

5.13 THEOREM. If A is a compact subset of R", ;€ ,(4,2) for i =12,3,..,

and sup {N(t;):i =1,2,3,::} < oo, then there exists a subsequence {r,} and a
T W,(R",2) such that

lim W(r;, — 1) = 0.

jo o

Proof. Let
A = sup{13n**! ( Z)M(T‘) + 19n"(k i 1) M(dt):i=1.2,--}.

For ¢ > 0, one may use 4.2 to obtain sequences of integral classes ;, p;, 6; whose
supports are contained in

{x: distance (x,4) < 3ne}
and satisfy the conditions
T, = m + p; + 0oy, m achain of p, (C'),
M(m) < M1+¢), M(p) < Ze, M(o) £ Ze.
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The subcomplex of u,(C’) consisting of all cells within 3ne of 4 is finite and
therefore, one may replace the given sequences by subsequences such that, for
all positive integers i and j,
M(n; — ;) = 0.
Hence,
o=t =(m—n;+p;—p) + 0o, —a)),

M(p;— pj) <24, M(o;— 0)) <2Ae.

This process may be applied successively with & = (1/2), (1/2)?, (1/2)3, -+, each
time yielding subsequences of the preceding. Then Cantor’s diagonal process
supplies sequences whose ith terms belong to the subsequences corresponding
to & =1/2, (1/2)%,--,(1/2)". The Cantor sequence has the following property:
there exist integral classes y; and y; whose supports are contained in

{x : distance (x,4) < n3'~%}

for which
T—Tisr = i+ 0,

M(y) £ 2210, M@y) = 2'-%

Thus, the Cantor sequence is fundamental in the W-sense and therefore, the con-
clusion of the theorem follows from 5.12.
REMARK.  This argument is essentially used in [3, (7.1)].

5.14 THEOREM. Suppose t; and t© are k-dimensional rectifiable classes for
i=123,---. If
lim W(t;—1) =0

i~

then
lim inf M(z)) = M(z).

i=®®
Proof. After passing to a suitable subsequence, we may assume that
lim M(z;) = L < oo,
[ Radloo]
for if not, the theorem would trivially follow. Therefore, again passing to a sub-
sequence if necessary, we may assume the existence of a non-negative Radon
measure p over R" such that ||r;|| converges weakly to p.

As in the proof of 5.8, G; will denote the elements of a countable family F of
k-dimensional proper regular submanifolds of class 1 of R" such that, for H*
almost all xe cart, the H* approximate tangent k-vector to carz at x is tangent
to some member of F. Also, a(x) will denote a unit H* approximate tangent
k-vector to cart at x and as in 5.8, B < cart will be a set with the following
properties:



1962] INTEGRAL CURRENTS MOD 2 517
(i) Hcart— B)=0.
(1) (ii) For each xe B, a(x) exists and is tangent to some G,
i) Dy (||, R"—Gyx)=D; (|G|, R*—cart,x)=0 for xe B and for
i=123,--.
It will be shown that D, (4,R",x) =1 for x € B. From [4, § 3], this will imply
that
HR") z HY(B) = M(v),
and since L = u(R"), the desired conclusion will follow.
The proof is by contradiction: assume there exists a point xe B and a number
&> 0 such that
Dy (u,R*x) <1 —e¢.
If we let P denote the H* approximate tangent k-plane to cart at x, p the ortho-
gonal projection of R" onto P, and G a member of F such that a(x) is tangent
to G at x, then there exists a number r, > 0 with the following properties:
(i) if r<ro and if f,=p~'| PNS(x,r), then the mapping f,:PNS(x,r)»U,cG
is of class C!, univalent, and
1) = y| <er(12-4*+1-d")-1
where a = max (1, Lipschitz constant of f, ),
(i) M[tNS(x,r) — G NS(x,r)] <euk)o='r* for r < rg, from (1),
() @) U,nNSkx,r)=G6NS(x,r) for r <rg,
(i) u[S(x,")] < (1 — e)a(k)r* for r < r,.
Choose ry/2 <t <r, and let
E =[ro/4, ro/2] N {r: u({y:distance (y,x) =r}) = 0}
and note that
Ly([ro/4, r0/2]1 —E) = 0.

Since W(r; —1)— 0, there exist rectifiable classes p; and integral classes o;
such that

T, — 1 = p; + do; and M(p,) + M(e;)) - 0.
Therefore, by 4.1,

lim *M [0(o; N S(x,r)) — (80;) N S(x,r)]dr = 0
E

i— o

and thus, by Fatou’s lemma, there exists a set F — E such that L,(E — F) =0
and for each re F, there is a subsequence (which depends on r) such that

©) M[d(o; N S(x,7)) — (90)) N S(x,1)] < &3~ (k) (ro/4)*

for all i of the subsequence. If i is the identity map i1 P N S(x,ry) = P N S(x,r,),
h the linear homotopy from i to £, ,

A=h,[Ix (P NS(x,1)], and { =h ,[Ix(P NS(x,1)],
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then from 3.13, we have
o =U,—PNS(x,t)— A,
Q) M) < eu(k) (12-45F )= 1rgf 1,
M%) S ex(k)(12- 44t 158.
From 4.1,

f*M[a(C N S(,r) — (3) N S(x,)]dr £ ea(k) (12- 4%+~ 1pk+1
F

and therefore, there exists r, € F such that,
L,(F)M[8(¢ N S(x,ry)) — (80) N S(x,ry)] < ea(k) (12-4** 1)~ 1t "t
and
) M) Se 127 - ak) (ro/4) S e 1271 - a(k)rk
where
1 =0 NS(x,ry)) — (80 N S(x,1y).
Since r; < tand 0{ = U, — P N S(x,t) — A, we have
¢ NS(x,r))=GNS(x,ry) — PNS(x,ry) —(ANS(x,ry) + %)

from (iii) of (2). Abbreviating {, ={ NS(x,r,) and Ay =ANS(x,r,) +x, one
obtains from (4) and (5)

o =GNS(x,r))— PNS(x,ry) — Ao,
M(Ao) S e-6-1 - a(k)r;
But with the aid of (ii) of (2),
TNS(x,r) =P NS(x,ry) + 00y + A4

where
0={1 A =4 +1NS(x,r) - GNS(x,ry),

M(A) < e 371 -a(k)r.
Since d[d(o; N S(x,7,) + ¢;) — PN S(x,r,)] =[P NS(x,r,)], one finds that
M[é(e; N S(x,7)) + () — PN S(x,r)] = a(k)r, for i =1,2,--.
Letting ¥, = d(g; N S(x,ry)) — (00;) N S(x,r,), we have
o(o; N S(x,ry)) + 0, — PN S(x,ry)
= (00)) NS(x,ry) + Yy + 0(; — P N S(x,1y)
= (Oo) NS(x,ry) +¥; + 1N S(x,ry) —PNS(x,ry) — 4, — PN S(x,ry)
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1,NS(x,r) —t NS, 7)) — pi NS, 1) + ¥, + TN S(x,ry) — 4y
= 1,080, r) —p NSGr) +¥— 4
and therefore for i =1,2,3,---,
M[x; N S(x,r)] + M[p; N S(x, )] + M) + M(4y) Z a(k)r;.
But (3) implies

M(@;) € e-37-a(k)rk for all i of a suitable subsequence,
M[p, N S(x,r)] <e&-37'-a(k)r for large i,
M@) <e- 37 -a(k)rk.
Hence,
M[t; "\ S(x,r)] = (1 — e)a(k)r: for all i of some subsequence,
or
| 7| [SCx, 71)] = (1 — e)a(k)r; for all i of some subsequence,
which implies
u[S(x,r)] Z (1 = e)all)ry,

a contradiction to (iv) of (2).
REMARK. We may now regard the integrand in 4.1 as an L, integrable function.

5.15 COROLLARY. Suppose 7, and t are integral classes for i =1,2,---. If

lim W(r; — 1) =0,
i
then
lim inf N(t)) =2 N (7).
i—»
Proof. This is evident since W(t) = W (d1).
6. Extreme dimensions. In this section, it is shown that 0, 1, and n-dimension-
al integral classes in R" are, in a sense, orientable and this fact is then used
to establish a compactness theorem in the extreme dimensjons.

6.1 LemMmA. If 1€l (R",2) and ¢ > 0, then there exists a polyhedral chain
7 (with integer coefficients) in R" and a diffeomorphism f of class 1 mapping R*
onto R*, such that

f and f~1 have Lipschitz constant 1 + ¢,
|f(x) — x| <& for xeR".

f(x) =x wherever distance (x, spt 1) = ¢,
spt n < {x : distance (x, spt 7) < ¢},

N[n _f#(‘c)] <e.
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Proof. Choose an integral current T et such that spt T < S(sptz,¢/2) and
apply [3, (8.22)] to obtain a class 1 diffeomorphism f and a polyhedral chain P
such that

f and f-! have Lipschitz constant 1 + ¢/2,

|[f(x) — x| < ¢/2 for xeR",
f(x) = x whenever distance (x, spt T) = ¢/2,
spt P < {x: distance (x, spt T) < &/2},
N[P -f,(M]<¢/2.
The conclusion now follows by taking = =[P]".

6.2 LEMMA. For each integral class t there exists a sequence of polyhedral
chains n; (with integer coefficients) such that

spt m; < {x: distance (x,spt7) < i-'}

lim W(rn; — 1) =0,

-0

lim N(n;) = N(7).

i—00
Proof. Given & > 0, use 6.1 to find f and 7 such that

N(m) < N[f,(®)] +& £ (1 +&)N(x) + ¢,

sptn < {x :distance (x,spt 1) < &}.
If h is the linear homotopy from f to the identity map of R”, then

Wit —f,(9] £ M[h,(Ix7)]+ M[h,(Ix07)]

< e(l + &)*M(7) + e(1 + &)* ! M(d7),
hence,

IIA

W(rn—1) £ M[n—f,(0)] + W[f,(1)—1]
< 1 +(1 + & N@)]
Now, by appealing to 5.15, the lemma is established.

6.3 THeorReM. If k=0,1, or n, and te I,(R"2), then there exists an in-
tegral current T €t such that
N(T) = N(z).
Proof. If 7 is a k-dimensional polyhedral chain for k = 0,1,n, then it is easy
to verify that there exists a polyhedral chain Pe n such that

N(P) = N(=m).

6.2 supplies a sequence of polyhedral chains n; such that
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sptn; < {x:distance(x,sptt) < i~!'},
W(n; — 1) >0 and N(m)) - N(z).

Let P,em; be a polyhedral chain such that N(P,)=N(=)), for i =1,2,3, ---. Since
the P; are N-bounded [3, (8.13)] implies the existence of an integral current T
such that, for a suitable subsequence,
limP; = T,
i»o
and by the remark in 5.2,
limW(P, — T) = 0.

Now, 5.6 and 5.9 imply that T €t and therefore
N(t) £ N(T).
But, N(t) =lim,, ,N(n;) = lim,, ,N(P;) = N(T) and hence, N(z) = N(T).

6.4 COROLLARY. Suppose A is a compact subset of R", k =0,1,n, 1, I,(4,2)
and sup{N(t): i =123,---} < co. Then, for a suitable subsequence, there
exists teI,(A,2) such that

lim W(z;— 1) = 0.

i- o0
Proof. For each i, use 6.3 to find an integral current T;et; such that
N(T) = N(z;)) for i=123,-.- .
By [3, (8.13)], one can find a subsequence and an integral current T such that
lim T;=T,

1= 00

and by the remark in 5.2,
lim W(T;—T) = 0.

By taking t =[T]", the conclusion follows from 5.6.

6.5 CoroLLARY. If tel,_{(R"2) is a cycle, then there exists an integral
current T €t such that,

N(t) = N(T).

Proof. Use 3.14 to find o€ I,(R",2) such that do = 7. By 6.3 there exists an
integral current Se ¢ such that N(S) = N(¢). Now let T =0S to establish the
conclusion.

6.6 THEOREM. Suppose A is a compact subset of R t,€l,_,(A,2) with
sup{N(z): i =1,2,3,---,} < 0. Then, for a suitable subsequence, there exists
a rectifiable class t such that

lim W(t;,— 1) = 0.

i“w
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Proof. From 5.13, we know there exists a subsequence such that
lim W(Ti - Tl) = 0,
i,j— o

and therefore, there exist integral classes p;; such that
M(z; — 1; — 0p;j) + M(p;;) >0 as i,j—> o0,

The p;; can be chosen so that their supports are contained in some fixed compact
set. Now 5.3 implies the existence of integral cycles o; such that

lim M[(Ti + O'i) - (Tj + O'j)] =0

i,j— o0
and hence, by 5.11, we have the existence of a rectifiable class p such that

lim M[(t; +0;) —p] = 0.
The o; are N-bounded and therefore, by 6.5 and reasoning similar to that in 6.4,
by passing to another subsequence, we have an integral cycle ¢ such that
lim W(o;—0) = 0.

i

This implies that
lim W[t;— (p — 0)] = lim W[(t; + 6, — p) — (6, — 0)] =0,
and therefore, the conclusion follows by taking
T=p—o0.

6.7 REMARK. Suppose A is a compact subset of R" and assume the follow-
ing statement to be true: If 6, I,(4,2) are cycles with sup{N(s)): i =1,2,3,--,}
< oo; then, for a suitable subsequence, there exists an integral class o such that

lim W(s; — o) =0.

Then, the following general statement holds: If 7;€I(4,2) and
sup {N(z):i=1,2,3,---,} < 0
then, for a suitable subsequence, there exists a rectifiable class t such that
lim W(r; —1)=0.

This follows from the proof of 6.6.

6.8 REMARK. Some results have been obtained that leads one to believe
that the assumption stated in 6.7 is, in fact, true. The validity of this assumption
would then lead to a closure result for k-dimensional integral classes, where k
is arbitrary. See 6.6. These results will be stated here and their proofs will appear
at a later date.

If 7 e W(R"2), let

L(r) = inf {liminf M(z)): 7,€ [(R"2),0t; =0, W(z;—1)—>0}
i~+w
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and let 7; be a sequence of integral cycles for which
lim W(r; —1) = 0 and lim M(z)) = L(7).
=00

i+ i
Assuming that L(z) < oo, we have the existence of a non-negative Radon measure
1 over R such that, after passing to a suitable subsequence, || converges
weakly to p. It can be shown that

Dy (u,R"x) >0
for p almost all xe R™. Let
Az = {x: Dg(u,R"x) = o0}

and assume that p(A4;) = 0. Then, from [4, § 9] we know that R" can be decom-
posed into four p measurable sets Ay, 4,, A3, A4 such that:

() R"=4,V4,U4;U4,,

2) AiNA4A, =4, NA; =A4,NA4; =0,

(3) A, is a countably k-rectifiable set and at each point x of A, there exists
a p approximate tangent k-plane to 4, at x,

(4) either u(A4,) =0 or A, contains no k-rectifiable subset B for which
u(B) >0,

(5) Li[p(4,)] =0 for almost all orthogonal projections of R" onto R,

(6) H¥(A;) =0 since u(R™) < oo and by [4, (3.1)]. By our assumption,
ﬂ(A3) = 0;

(7 w4, =0.
If, in addition to these facts, we assume that H*(4,) < oo and pu(4,) =0, then
it can be shown that there exists a Hausdorff k-rectifiable set A NE < 4, such
that w(A, — ANE)=0 and

lim W(r;— ANE) =0.

Since the Hausdorff k-rectifiable set A N E is to be identified with a k-dimensional
rectifiable class, the desirable closure result is obtained under the stated assump-
tions.

In the case of the Plateau problem, a little more is known. Suppose
gel,_,(R"2) is a cycle and let

Q(o) = inf {M(7): tel,(R"2), Or=o0}.

Suppose {t;} is a sequence of integral classes such that dt;=¢ and lim;., ,M(r;)
= Q(o). By passing to a subsequence, we may assume the existence of a non-
negative Radon measure u such that ||t;| converges weakly to u. Then, it can
be shown that

(i) for all x¢spto,

Di(u,R"x) < Q(0) [a(k)r] !
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where r = distance (x,spto),
(ii) for u almost all xe R" — spto,

D_.(uR%x) Z [k-a(k)'/*-2*71-C,]7*

where C, is as in 4.6 with k replaced by k — 1.

These results are analogous to known theorems concerning the Plateau problem;
cf. E. R. Reifenberg, Acta Math. 104 (1960), 1-92 and [3, (9.13)]. By employing
the methods described above, it is hoped that the limiting measure p will
provide an integral class as a solution.

BIBLIOGRAPHY

1. A. S. Besicovitch, A general form of the covering principle and relative differentiation of
additive functions. 1, 11, Proc. Cambridge Philos. Soc. 41 (1945), 103-110; 42 (1946), 1-10.

2. N. Bourbaki, Integration, Actualités Sci. Ind. No. 1175, 1244, Hermann, Paris, 1952, 1956.

3. H. Federer and W. H. Fleming, Normal and integral currents, Ann. of Math. (2) 72 (1960),
458-520.

4. H. Federer, The (¢,k) rectifiable subsets of n space, Trans. Amer. Math. Soc. 62 (1947),
114-192.

5. ———, Measure and area, Bull. Amer. Math. Soc. 58 (1952), 306-378.

6. , Approximation of integral currents by cycles, Proc. Amer. Math. Soc. 12 (1961),
882-884,

7. W. H. Fleming, Functions whose partial derivatives are measures, Illinois J. Math. 4 (1960),
452-477.

8. H. Whitney, Geometric integration theory, Princeton Univ. Press, Princeton, N. J., 1957.

9. W. P. Ziemer, Integral currents mod 2, Ph.D. thesis, Brown University, 1961.

BROWN UNIVERSITY,
PROVIDENCE, RHODE ISLAND

INDIANA UNIVERSITY,
BLOOMINGTON, INDIANA



